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1 Fundamentals

1.1. Set theory
1.1.1 Set brackets: { }. A = {a,b,c} means that A is the set with elements a, b and c.

1.1.2 Set condition: is the vertical line |. C' = {x € A|(condition on ) } indicates the subset C' of A where all x satsify
the given conditions.

1.1.3 Probability conditioning: P(A|B) - the probability of A, given that B is the case. Notice that | in P(A|B) is not a
set operation. See (3).

1.1.4 Intersection may be written in two ways: AN B or AB, and equals {z|z € A and © € B}.

1.1.5 Union is written A U B, and equals {x|z € A or z € B}.

1.1.6 Set difference is written either A\ B or A — B, and equals {z|z € A but ¢ B}

1.1.7 The Universe: € is the symbol of "the entire universe of discourse”, all possible relevant elements.
1.1.8 ) = {} is the empty set, that has no elements.

1.1.9 Complement: Given a universe €2, then A¢ = Q\ A. Reads "the complement of A”.

1.1.10 Product: A x B = {(a,b)la € A, B € B}, the set of all ordered pairs (a, b).

1.1.11 |A| or n(A) means the cardinality of A; the number of its elements.

1.1.12 |[AUB| =|A|+ |B| — |AB|

1.1.13 |AB|=|A|+ |B| — |AU B|

1.1.14 |A— B| = |A| — |AB]|

1.1.15 |A°| = |Q| — |A]

1.1.16 N={1,2,3,4,...} - the positive integers.

1.1.17 Ny ={0,1,2,3,4,...} - the non-negative integers.

1.1.18 Z={-4,-3,-2,-1,0,1,2,3,4, ...} - the integers, both positive and negative.

1.1.19 R - de real numbers; all the numbers on the number line.

1.1.20 Intervals (a,b): The brackets [ and | mean that the respective endpoints are included, whereas the brackets (

and ) means they’re excluded. The brackets ( and ) may be used for an imprecise specifications of an interval when the
endpoints are immaterial.



1.2. INDEXING AND REPEAT OPERATIONS )

1.2. Indexing and repeat operations

1.2.1 Indexing: The simplest form of indexing is enumeration, like x1, x2,x3, ..., and Ay, Az, As,.... Other kinds of
indexing are by date, (%2009.08.27), by place (Aposon); Or multiple indexes like ag 3 or ass for elements of matrices, or
Agoston, 2009.08.27 for both time and place.

1.2.2 U Ay =An UAp 1 U---UA,_1UA,

k=m

123 () A =AnNApn- N4, 1NA,

k=m

n n
1.2.4 Zak:am+am+1+~'+an,1+an. If n < m, then Zak:O

k=m k=m

1.2.5 ﬁ Q) = Gy * Qt1 ** - Ap—1 * Ap. 1f n < 'm, then ﬁ ap =1
k=m k=m

1.2.6 Ax B={(a,b)|la € A, be B}

1.2.7 ﬁ A=A x Ay x -+ A, ={(a1,az,...,a,)|ar € Ar}
k=1

1.2.8 |A x B| =|4]| - |B]|

H Ag)| = ]___[ | A
k=1 k=1

1.2.9

1.3. Frequently used formulas and functions

n
1.3.1 Factorial is defined for all non-negative integers n € Ny, and is: n! = H k
k=1

1.3.2 The Gamma function is factorial generalised. I'(n) = (n — 1)! when n € N

1.3.3 Gamma for half values: I'(n+ 3) = (2n)! /7 when n € N

nlan
1.3.4 Stirling’s approximation I: n! = v/27mn (%)"
1.3.5 Stirling’s approximation II: n! ~ v/27n (%)n . (1 + ﬁ + ﬁ - m = )

n!

1.3.6 Binomial: (Z) = ERCEsIE The binomial is a special case of multinomial: (}) = (,." ).
' (n—k)! ,

1.3.7 Multi ial: " = i
.3. ultinomial: Ky ks ko 71@‘1!"?2! ..... k!

. n n n —ky n—ky—ko—-—kn_o
1.3.8 Rewriting: = .
vt (1,1, ,) = () () (70 TRTT)

1.3.9 TI/CASIO: nk for (1), og nk for (n"i'k), (HP: comb(n, k) og perm(n, k))
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1.3.10 Pochhammer: (a), = % =0b+a- 1)b (HP: perm(b+ a — 1,b))

1.3.11 Pascal’s triangle: (a +b)" =>;_; (})a""b*
1.3.12 The incomplete Euler Beta function, for x € [0,1]: B, (z) = foz ta= (1 —t)o~Ldt

T'(a)T(b)
T'(a+b)

1.3.13 The Euler Beta function: B(a,b) = B, (1) =

1.3.14 The Regularised Beta function, for z € [0,1]: I(,5)(z) = ng%)b(f) = foz Blap (t)dt

1.3.15 The Beta function, for ¢ € [0,1]: B(qp)(t) = 7 - t*7*(1 — ¢)°~* for ¢ € [0, 1]; where k = B(a,b)

1.4. Sums
1.4.1 Y)_ k= ntl)

n n(n+1)(2n+1
1.4.2 Y)_ o k? = mlotlCntl)

n _ n2%(n+1)?
1.4.3 Yp_ k3 = il

1.4.4 ZZ:O B4 — n(n+1)(2n+§())(3n2+3n71)

1.4.5 ZZ:O k5 = n?(n+1)2(2n%+2n—1)

12
. . B k _ pA_pBH1
1.4.6 Geometric series: Zk:Ar =
. . . . A,
1.4.7 Infinite geometric series: Y po , 7F = L= (iff |r| < 1)

1.4.8 Y07 okt = gtz (iff |r] < 1)

1.4.9 352 K2k = 5 (iff [r] < 1)

1.4.10 Y00, 0 = —In(1 —r) (iff r] < 1)

1411 Y0 = =



2 Data: Measures of location and spread

e Individual data: x1,22,...,2p, or sorted: (1), Z(2),- ., T(n)
e Frequency data: Values vy, ..., v, with frequencies resp. a,...,ax, totalt n data.
e Proportional data: Values vy, ..., v, with proportions resp. p1, ..., px

e Grouped data: The intervals go from Iy to ur = lx+1 and the number of measurements in interval % is aj. Interval
k has midpoint v, = MTW and width by = ug — lx. In total n = Zk ar measurements. Cumulative proportion:
Ap=p1+-+px (Let A():O).

2.1. Proportional measures

Individual data Grouped data
Find k = £ - (n + 1), and call the integer part | ...

. 9 100 g < P < .
Percentile h and the decimal part d. Then Find k so that Ax_1 < 155 < Agx. Then
Pp 2.1.1 2.1.2

B Ay
Pp = T(h) +d- (x(h—&-l) — :L‘(h)) Pp =1 + MTM . (uk — lk)
2.1.3
Median z = Py
2.1.4
Quartiles Q1 = P25,Q2 = Ps50,Q3 = Prs
2.1.5
Interquartile
range Q3 — Q1
For individual data, the formula for median simplifies to:
Median 2.1.6
T(ng1) if n is odd
(simplified) ik = q ? £
3 (x(%) —|—x(%+1)> 1I n 1S even
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2.2. Weighted measures

Individual values Frequencies and values Proportions and values Grouped values
Sum
D201l 2232 2R2R3) 2.2.4
n k k k
Lo | i1 T 21 45Y; n- Y iy Piv) > j=105Yj

Sum of squares

2.2.5 2.2.6 2.2.7 2.2.8

Ppz | Yoo x? Z?Zl ajvjz n- Z?Zl pjvjz- Sopak - (vi+ % -b?)

2.2.9 Mean: z = % For individual values we often use z = %

L _ - )
2.2.10 Total variation: SS, = >, (2x — &)? = Bp2 —n - 2% = By2 — ==

2.2.11 Population variance: 02 = 5= For individual values we often use 02 = 2 31" (z), — 7).
2 _ SS,

: i 2 _ 1y =2
+. For individual values we often use s3 = —5 > /' (2 — 2)°.

2.2.12 Sample variance: s

T T n—

2.2.13 Population standard deviation: o, = /02

2

2.2.14 Sample standard deviation: s, = /s2

2.3. Formulas for pairs {(z;,y;)}",

2.3.1 Product sum: X,y = >/ zpyk

2.3.2 Total joint variation: SS,;, =%,y —n-T -y =Xz, — E”f“
. . . 5SSy
2.3.3 Population covariance: o, = -0
] . — SS.Ly
2.3.4 Sample covariance: sy, = ~—=
2.3.5 Correlation: p,, = =2 = 5%y Sy Ty

T2y 55,55,  SeSy



3 Probability

3.1.1(Kolmogorov’s axioms, conditional version)

3.1.2(“Bayesian axioms”)

0<P(A4B)<1 P(AC|B) = P(A|B) - P(C|AB)
Axioms Pliye) — 1 P(A|B)+p(A¢|B) =1
P(|J 4ilB) =' 3" P(4i|B) P(BYB) = 0
el el

Often used P(A°) =1- P(4)

P(AUB) = P(A) + P(B) — P(AB)

3.1.5(Bayesians)

P(A) = P(A|Q) = fevourable _ n(A)

possible

Simplest

model

3.1.6(Frequentist)

P(A) = lim,,_, o 42

n

a(n) = number of hits in A in n tries

3.1.7 3.1.8 3.1.9(Bayes’ formula)
Conditional P(A|B) = 552 P(AB) = P(A|B)P(B) P(4|B) = 2B
A and B are independent iff
Independence 3.1.10 3.1.11
P(A|B) = P(A) P(AB) = P(A)P(B)

Conditional 3.1.12

P(A|BC) = P(A|C)

Independence

A and B are independent given C' iff

3.1.13

P(AB|C) = P(A|C)P(B|C)

A is independent of By, ..., B, iff

3.1.14

P(A|B,Bs -~ By) = P(A)

Independence
With many sets

one or more of the By, with Bj.

and the equality also holds if you swap

Ay, ..., A, are independent, given B, iff
3.1.15

P(Ay---Ay|B) = P(A1|B) - P(A,|B)

and the equality also holds if you swap
one or more of the A, with Af.

If all the A-s are disjoint and the index set I is a countable. Disjoint=mutually exclusive. This means that for i # j, A;A; = 0. A set M is countable if it can be put

into 1-1 correspondence with (a starting segment of) the integers, such that “1, 2, ...”

Otherwise, it is countably infinite.

counts through the entire set. If the set is exhausted at some number, the set is finite.



4 Repeated sampling

4.0.1 Definition

e A sequence of k£ samples means the outcomes listed in the order in which they were sampled. It is ordered.

e A combination of k samples is a simple statement of how many were sampled of each kind. It is unordered.

4.0.2 Which kind of sampling is it?

To find which kind of sampling it is, you need to ask the following two questions:

e With/without replacement: Are the same elements available for the next sampling?
replacement means. For dice and coins, this is the default. For sampling from an urn, this is the case only if you

replace the elements before the next sampling.

— Yes: “with replacement”

— No: “without replacement”

e Ordered/Unordered: Does the order of the results matter?

— Yes: “ordered” — a sequence, like Head-Tails-Tails-Head-Head

— No: “unordered” — a combination, like 3 Heads, 2 Tails

4.1. Combinatorial:

Number possible samplings

To find the parameters n and k for the formula:

e How many elements are available on the first sampling? This is n.

e How many tries? This is k.

With replacement

Without replacement

Ordered

4.1.2
n!

(n—k)!

Unordered

10

This is what with




4.2. PROBABILISTIC: SAMPLING FROM A POPULATION OF 2 KINDS;

4.2. Probabilistic: Sampling from a population of 2 kinds;

e N = total number of elements in population (if finite).

e S =57 = total number of elements of the first kind in the population.

e 1 — number of trials.

e k = k; = number of results from the first kind.

The probability of such a result is then:

With replacement | Without replacement
4.2.1 4.2.2
N—n
S n— S—k
eaence |y | LD
(s)
4.2.3 4.2.4
Combination n k(l _ )n—k (i) (JZ:kS) _ ({\9]:2) (:)
(unordered) k)P 4 (2’) o (]g)

e D=0 (: Wl) = proportion of elements of the first kind in the population.

11

When N is large, the formulas for sampling with replacement give good approximations for sampling without replacement.

4.3. Probabilistic: Sampling from a population of n kinds;

e N = total number of elements in population (if finite).

e S; = total number of elements of the j-th kind in the population.

e 1 — number of trials.

The probability of such a result is then:

k; = number of results from the j-th kind.

Dj (: %) = proportion of elements of the j-th kind in the population.

With replacement Without replacement
4.3.1 4.3.2
N—n
Sequence ki ks ok (Sl7}.:1.,5271\72...,,5,,7714?,77)
(ordered) Pr Py Pm (5o~ o)
S51,52,...,8m
4.3.3 4.3.4
N—
Combination n pklpkz ...pkm n ) (sl—kl,sz—k;..,sm—km)
(unordered) |\, ka,o k)P0 P2 TP Nl s (65 5.
1,92,5--59m

When N is large, the formulas for sampling with replacement give good approximations for sampling without replacement.



5 Stochastic variables

Probability,
method 1

Cumulative

distribution

1. moment,
Expected
px = E[X]

2. moment,

E[X?]

General

E[h(X))]

E[XY]

Probability,
method 2

. 2
Variance o~

Standard deviation
o

and precision 7

Covariance o
and correlation p

Percentile and
Median

Discrete distribution, f(z) = p,

Continuous distribution f(z)

5.1.3 5.1.4
T
F(z)=2 p Fle)= [ f()dt
t<zx —00
5.1.5 5.1.6
EX]=px = op, B[X] = ux = / v f(2)da
all >
5.1.7 5.1.8
oo
BlX? = Y op, BIXY = [ o fla)ds
all = -
5.1.9 5.1.10
(o)
B0 = 3 (o) p. BhX)) = [ @) f(o)iz
alle = —oo
5.1.11 5.1.12
E[XY]= Z ZY - Pay E[XY] :/ / xy - f(x,y)dydx
alle z,y =CY I=CY
5.1.13
P(X € (a,b]) = F(b) — F(a)
5.1.14
0% = Var(X) = B[X?] - p%
5.1.15 5.1.16
ox = Ug{ TX = é
5.1.17 5.1.18
O'XY:CO'U(X,Y)ZE[XY]—/JXILLY pxy::;—ayy
5.1.19 5.1.20
P, is the x that solves F(z) = 55 The median is & = Psg

12




6 Probability distributions

6.1. Discrete probability distributions

Probability distributions on CASIO: OPTN » STAT » DIST
Probability distributions on Texas Instruments: 2nd » VARS (DIST)

6.1.1 HYPERGEOMETRIC DISTRIBUTION, hyp,, s x(z), = € {0,1,..

Distribution f(z) Cumulative, F(z)

1.
0.2
0.8
0.6
0.4

0.2

10 15 20 5 10

Sm}
Formulas
S N-S
Pt X ~ iy () = (12)
CDF: HYP(,, 5,3y (2) = >0 hyD (s 5,3 (2)
px =np der p=%
o2 = np(1l —p) - %:71‘

Mathematica: HypergeometricDistribution| n, S, N |

CASIO: H-GEO »  hyp(, s ny(7) = Hpd —HypergeoPD(z,n, S, N)

HYP(, s n)(z) = Hed —HypergeoCD(x,n, S, N)

Approximations: bing, ) (z) when n < 1—]\8

pois,, (x) when 100 < n < 4t and n®3p < 0.47

normal approximation (7.2) when n < 15 and np(1 — p) > 5.

6.1.2 BINOMIAL DISTRIBUTION, bin, ,(z), « € {0,1,..

,n}

1.

0.8

0.6

0.4

0.2

25 30 35 40

25 30 35 40

pdf: X ~ bing, , () = (7)p*(1 —p)" =2
CDF: BIN(.,MU) (x)

fix = np
o% =np(l—p)

Special instance: When n = 1, we have the Bernoulli distribution: bern, =bin ).

Mathematica: BinomialDistribution| n, p |

bin, ;) (z) = HP:

binomial(n, z, p)

CASIO: BINM » Bpd— BinomialPD(z, n, p)
TI: binompdf— binompdf(n, p, x)

BIN¢, ) (x) = HP: binomial _cdf(n,p, x)
CASIO: BINM » Bed— BinomialCD(x, n, p)
TI: binomcdf— binomedf(n, p, )

Approximations: bing, ,) () Apoisp,(z) when n®3'p < 0.47.

normal approximation (7.2) when np(1 — p) > 5.

13
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6.1.3 POISSON DISTRIBUTION, pois,(z), = € {0,1,..., 00}
0.1 1.
008 08 pdf: X ~ pois, (z) = ’;a,c e
008 06 CDF: POIS)(z) = >_7_ pois, (2)
0.04 0.4 _
px = A
0.02] 0.2 2
UX = )\
5 10 15 20 25 30 35 5 10 15 20 25 30 35

Mathematica: PoissonDistribution| A |

pois, (z) = HP: poisson (A, x)

CASIO: POISN » Ppd— PoissonPD(z, A)
TI: poissonpdf— poissonpdf(\, x)
POIS)\(z) = HP: poisson__cdf(\, x)
CASIO: POISN » Ped— PoissonCD(z, )
TL poissoncdf— poissoncdf(\, x)

Approximations: normal approximation (7.2) when A > 10

6.1.4 NEGATIVE BINOMIAL DISTRIBUTION, nby (%), = € {0, 1,...,00}

0.08 1.
0.06 08 pdf: X ~ nb(kap)(x) = (x-]:ﬁ;l)pk(l - p)w
oos 0.6 CDF NB(;%D) (IE) = ZQZE:O nb(k,p)(z)
04 Lx = k(lp—P)
0.02 02
o2 — k(1-p)
5 10 15 20 25 ! 5 10 15 20 25 X p?

Special instance: When k = 1, we have the Geometric distribution (geom/GEOM).

Mathematica: NegativeBinomialDistribution| k, p |

b (,p) (%) =P - btz k1,5 (k — 1)

= HP: p - binomial(z + k — 1,k — 1,p)
CASIO: p - BinomialPD(k — 1,2z + k — 1,p)
TI: p - binomial(z + k — 1,p, k — 1)
NBjp) () =1 = BIN(gypp) (K —1)  when x,k € Ny
= HP: 1 — binomial cdf(z + k,p, k — 1)
CASIO: BINM » Bed— 1 — BinomialCD(k — 1,z + k, p)

TI: binomedf— 1 — binomedf(z + k,p, k — 1)
NB(kyp) (z) :I(k,m+1)(p)
HP:

for all z,k > 0
fisher cdf(2k,2(x + 1), Ecﬁr—l;)][);)

FOd— FCD(0, {22, 2k, 2(x + 1))

CASIO:

TL 0: — Fedf(0, ,(cfl*j;’)’,%, 2z + 1))




6.1. DISCRETE PROBABILITY DISTRIBUTIONS

15
6.1.5 BETA BINOMIAL DISTRIBUTION, Bb(4 5 n)
When X ~ bin, ) and p ~ B(a,b)v
then X ~ 6b(a,b,n)
1. n a)q n—x *
0.12 o pdf: X ~ ﬁb(aab’”)(‘r) = (a:)( 2af13)n
0.1 ’ (a+b) —ab_
0.08 06 _ <n> . a ) atb
- - a+b+n\  (atz)(b+n—z)
sz o4 oc ( a+tx ) s §+b+2 -
0.02 | | I | 02 CDF: fgB(a,b,'rt)(x) = Ej:o ﬁb(a,b,n)(z)
o 5 10 s 0 5 10 15 nx = ;fb
0_2 _ nab(a+b+n)
X - (a+b)2(a+b+1)
*  Pochhammer: (1.3.10)
Mathematica: BetaBinomialDistribution|a,b,n|
Calculator: Use the formula above with (sums and) binomials.
6.1.6 BETA NEGATIVE BINOMIAL DISTRIBUTION, fnbq 1)
When X ~ nb ) and p ~ ﬁ(a’b),
then X ~ 6nb(a,b,k)
0.12) " pdf: X ~ Bnb(a,b,k) (-’17) = (i:}) ((an)rllc,gi)fk *
0.1 0.8
o - <x . 1) (“yh) - ettt
_ - _ " atbtktay  (atk)(bta)
oo o A G B
0.02 02 CDF: ﬁNB(a,b,k) (z) = ZQZE:O ﬁnb(mb’k)(z)
0 5 10 15 20 o m P 20 X — %
o2 —  kblatb-1)(atk=1)
X = (a—2)(a—1)2
*  Pochhammer: (1.3.10)

Mathematica: BetaNegativeBinomialDistribution|a,b,k]|

Calculator: Use the formula above with (sums and) binomials.

6.1.7 UNIFORM DISTRIBUTION, nb,

1

T 10

® 15

320

25

Integers z € {a,a+1,...,b};n=b—a+1

pdf: X ~ugp(z) =1
CDF: Ugp)(x) = =2
px = E[X] = GTH)
ok = "7

Mathematica: DiscreteUniformDistribution[min,maz]



7 Continuous probability distributions

7.1. The Normal distribution

(w—p)?
7.1.1 Probability density (pdf): X ~ ¢(,.0) = ﬁe_ 257
1.
. 4
3
2
1
1 4 05 06 07 08 09 1.
-2
-3
-4
5 -4 3 -2 T2z 3 4 5 4 3 2 1 0 1 2 3 4 -
¢(0,1)(x) (I)(O,l)(x) (I)(ioh)(p) = Zp

7.1.2 Expected value=median=mode: ux = F[X] = X = Xonaz = 1

7.1.3 Variance: 0% = o2

7.1.4 Cumulative probability (CDF): P(X < z) = ®(, »)(z) = ® (%)

g

Mathematica: CDF[NormalDistribution|u, o], x]

HP: normald_cdf(u, o, x)

CASIO: NORM » Ned— NormCD(—10, z, o, )

TI: normaledf— normaledf(—10%, z, u, o)

7.1.5 Inverse cumulative (INV): @@{0)(p) =p+zp-0 with shorthand z, = @aﬁl)(p)
Mathematica: InverseCDF[NormalDistribution|u, o], p]|

HP: normald _icdf(u, o, p)

CASIO: NORM » InvN— InvNormCD(—1, p, o, i1)

TI: invNorm— invNorm(p, p, o)

7.2. Normal approximation

7.2.1 For continuous X ~ fx (z)the normal approximation is:
fx(@) = ¢, 0 (a)

Fx(a)=P(X <a) = <I)(MX 7UX)(a)

7.2.2 For discrete X ~ fx(z)the normal approximation is:
fx(a) = P o y(at3) = P o0(a—3)

Fx(a)=P(X <a)~ ¥, o, y(a+3)

7.3. The sum of normal distributed stochastic variables

X =a:X1+ -+ a,X,, where a; can take on any value, both positive and negative. Since the normal distribution is
fully specified when you know p and o, then X ~ ¢, ), where

731 ux =aipx, + -+ anix, 7.3.2 ag( = a%og(l + -+ aiain

16



7.4. STUDENT’S T DISTRIBUTION

7.4. Student’s t distribution
vl

v+l
7.4.1 Probability density (pdf): X ~ t(,.0.,)(z) = (1(2)) : Nlﬁ) : (1 + @) ’

- N W s

4 05 06 07 08 09 1.

I oz s o4 -5 -4 -3 -2 -1 0 1 2 3 4

to,1) () To,1)(x) T(B’ll’u) (p) =tup
7.4.2 Expected value=median=mode: ux = F[X] = X = Xonaz = I

2 v
oot v > 2

7.4.3 Variance: 0% = { ~ L <9

7.4.4 Cumulative probability (CDF): P(X < z) = T, 0., (z) =T, (££)

o

Mathematica: CDF[Student TDistribution|u, o, v, ]

HP: student_cdf(v, =)

CASIO: t » Ted— tCD(—10%7, Z=£ )

TI: tedf— tedf(—1099, = v)

7.4.5 Inverse cumulative (INV): T(;la ) p)=p+o-tup with shorthand ¢, , = T(Bll ») (p)
Mathematica: InverseCDF[StudentTDistribution[y, o, V], p]

HP: u+ o *student _icdf(v, p)

CASIO: t» InvT— p — o x InvTCD(p, v)

TL invT— p+ o % invT(p,v)

7.5. Sum and difference of two ¢ distributions: 7 =X 1+ Y

(Satterthwaite’s approximation)

7.5.1 pz = px +py

7.5.2 0%, =0% + 0%

ok, o} 2
vx+1 vy +1

(#5) , (35h)
vx 41 vy +1
+

vx vy

7.5.3 vy = (where |z is the largest integer below or equal to x)

17



18 CHAPTER 7. CONTINUOUS PROBABILITY DISTRIBUTIONS

7.6. The gamma distribution

7.6.1 Probability density (pdf): T' ~ v (1) = %)\ e~ M for t € (0,00)

0.3 0.8 4

0.7

0.6 3
02 05

0.4 2
0.1 0.3

0.2 1

0 1 2 3 4 5 6 7 0 01 02 03 04 05 06 07 08 09 1.
'Y(k,A)(t) F(k,A)(t) = X?Q}c)(z)\t) F(_1€17)\) (p) = i 'X%k(p)
7.6.1 Expected value: up = E[T] = £ 7.6.2 Median: T = | A (0.5)
7.6.3 Mode: Tipaz = %71 7.6.4 Variance: 0% = %

7.6.2 Cumulative probability (CDF): P(T <t) = T, (t) = 1 — Y520 @0%e=M (when n € N)

n=0"nl
L) = (E>0) Mathematica: CDF|GammaDistribution[k, 1], ¢]
(k€ N)  Mathematica: CDF|ErlangDistribution[k, A], ¢]
(2k e N) HP: chisquare _cdf(2k, 2At)
(2k €N)  CASIO: CHI » CCd—s ChiCD(0, 2\, 2k)
(2k €N) TL yZedf— x2cedf(0, 2Xt, 2k)
7.6.3 Inverse cumulative (INV): I‘@l’)\) (p) with shorthand 55 - x3, (p)
F(_k{)\) (p) = (k> 0) Mathematica: InverseCDF|[GammaDistribution[k, 1], p]
(k€ N)  Mathematica: InverseCDF[ErlangDistribution[k, A], p]
(2k e N) HP: chisquare _icdf(2k,p)/(2))
(2k e N)  CASIO: CHI » InvC— InvChiCD(1 — p, 2k)/(2))
(2k e N) TI (CX): Invy? — Invy?(p, 2k)/(2)\)
(2k e N) TT (83/84): MATH » Solver: x?cdf(0,2\z,2k) —p =0 » z =1 » Alpha » Enter

Special instances: When n € N, the gamma distribution is called a Erlang distribution.
When n = 1 the gamma distribution is called an exponential distribution.

When 2k € N, then Ve L is the chi square (x?) distribution with v = df = 2k degrees of freedom.
2

)

Approximations: normal approximation (7.2) when k > 30.

Relations:

1. When T ~ 7 ), and A ~ (. ), then T~ gy ) (1)
2. IfTy ~ W(k,)\)(t% Ty ~ V(H,T)(t)a m = %7 Q = %7 and Q* = mQ7 then

Q* ~ f(Qk,QH) (t) Q ~m- f(Qk,QH) (mt)
P(Q« <t)=Faran(t)  P(Q<t)=Fakax(mi)



7.7. OTHER CONTINUOUS PROBABILITY DISTRIBUTIONS

7.7. Other continuous probability distributions

7.7.1 F DISTRIBUTION, f(o (1), t € (0,00)

(at)>.gB
(at+p)*TF

df: T ~
: P ~ Jup(t 1B s
e CDF: Fla)(t) = Las2. /2 (5245
ur = BIT] = 5%
02 2 _ 2B%(a+8-2)
IT = aB-9(F-2)?
' ' 2 s ‘ i 2 3 T = Fl5)(0.5)
_ Bla—2)
Tmam - m

Mathematica: FRatioDistribution[e, ]

F(a”@)(t) = HP:

CASIO: F » FCAd—FCD(0,t, a, §)
TI: Fedf— Fedf(0,t, o, )

F g (p) = HP: fisher icdf(a,
CASIO: F » InvF— InvFCD(1 — p, v,
TI (CX): InvF— InvF (p, a, B)
TT (83/84): MATH » Solver: Fedf(0,z, «, 8)

7.7.2 BETA DISTRIBUTION, B, 1 (z), z € (0,1)

fisher cdf(c,

—p=0»{» X=0.5» Alpha » Enter

1.

0.75.

pdf: X ~ Blap)(7) = fosrya® (1 — )t
CDF: L0.)(2) = Foaam) (art)

) 05 Hx = aib
0_2 _ ab
05 025 — (a+b)2(a+b+1)
1
T 025 05 075 1 o 025 o5 075 X - I(a b) (05)
1
Xmaz = 7553

Mathematica: BetaDistribution| a, b |
I(a,b) (1‘) = HP:

CASIO: F » FCd—FCD(0
TI: Fedf— Fedf(0
Lo () = HP

CASIO: F» InvF— 1/(1+
TI (CX): InvF— 1/(1 +
TI (83/84): MATH » Solver: Fedf(0

Approximations: normal approximation (7.2) when a,b > 10.

’ a(l x)’

bl (1 $)7

fisher cdf(2a 2b, a(l z))

b
1/(1 + a<ﬁshcr_icdf(2a,2b,p))

a- InvF(p 2a,2b)

’ a(l x)?

b
a-InvFCD(1—p,2a,2b) )

—p=0»{» X=0.5» Alpha » Enter
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7.7.3 GAMMA-GAMMA DISTRIBUTION, g7 .. (), = € (0,00)

| pdf T g')/(k:,m,T)(t) B(k,m) (

)RR
. CDF: GT (1) (t) = Flar 20) (££)
=
0.1

2 k2 (k+k—1
or = 7(&—(@(&—1);

|
2 4 3 8 10 12 2 4 6 8 10 12 T= Gr(k,ﬁﬂ') (0'5>
k—1
Tnaz = ol -

Mathematica: BetaPrimeDistribution[k, &, 7]

GT (e, (t) = HP: fisher _cdf(2k, 2x, 1£)

CASIO: F » FCd—FCD(0, £, 2k, 2k)
TL: Fedf— Fedf(0, ££, 2k, 2k)
GI‘(_klﬁ - (p) = HP: KT« fisher _icdf(2k, 2x, p)

CASIO: F » InvE— A2 % InvFCD(1 — p, 2k, 2k)

TI (CX): InvF— AT« InvFCD(p, 2k, 2k)

TI (83/84):  MATH » Solver: Fedf(0, %,2k,25) —p=0» || » X = 0.5 » Alpha » Enter

7.7.4 WEIBULL DISTRIBUTION, weiby ») (), = € (0,0)

pdf: X ~ weiby p)(z) = § . (%)k_l e*(%)k
03 CDF: WEIB(y 4 (z) = 1 — e~(8)"
nx =3 (%)
=2 (C(1+3) - (C(1+1))
Xopaz = k31— 4

Special case: The Rayleigh distribution is rayl(,(x) = weib, \/5.0)( ).

Mathematica: WeibullDistribution| k , A |
Calculator: Use the formulas above.

7.7.5 UNIFORM DISTRIBUTION, uni(, ) (), « € (a,b)

i —— 1z € [a,b]
pdf: X~ uni(a,p)(z) = { 8 ’ otherwise
0.15 ! 0 r<a
y 0.75 CDF: UNI(GJ)) (1') = :;:g T € [a7b]
05 1 zzb
0.05 025 Kx = E[X} = a—QH)
2 _ (b—a)?
0 5 10 15 0 5 10 15 ox = 12
% - ot
Xmaz = [a,b] (the interval)

Mathematica: UniformDistribution| a, b |
Calculator: Use the formulas above.



8 Processes

8.1. Bernoulli process with parameter p

A Bernoulli process with parameter p is a sequence of independent Bernoulli distributed stochastic variables X1, Xo, ...,
where each X; ~ bern, = binq p,.

Successes Successes
A
35l 354
30| 30 —|
25F I
k >
K+n « A I
15 15
10 10
5 5F
L L L » O L L L L L " L .
0 10 20 n 40 50 o 2 4 6 8 L, 14

Trials Failures

8.1.1 Relevant distributions: Binomial w/special case Bernoulli (6.1.2), Negative binomial (6.1.4), Beta (7.7.2), F (7.7.1),
Beta binomial (6.1.5), Beta negative binomial (6.1.6)

8.1.2 Elementary calculations

El[p] || Successes in n trials E[K4,] || Errors before k successes E[L.]
Known p p K ~bing, p(x) (6.1.2) np Loy ~nb ) (2) (6.1.4) @
Unknown p, a - .
D~ 5((1 b) (t) a+b K+n ~ ﬂb(a,b,n) ((E) (615) ath L+k ~ Bnb(a,b,k) (.’L’) (616) Kb

8.1.3 Addition rules

e For known p, the following applies to independent X, Y":

— If X ~bing, ,)(z) and Y ~bin(, ,y(z), then X +Y = Z ~bin(,,n ) ()
— If X ~nb ) () and Ly ~nbg,(x), then X +Y = Z ~nbyy ) (2)

e For unknown p ~ 3,5 we have the weaker addition rules:

= Kyn ~ Bbapn(z) and Ky ~ Bbgpm)(7), and also Ky (m1n) ~ Bba,pmn)(T)
- L+k ~ ﬂnb(a’b,k) (.CE) and L-H ~ Bnb(mb)l)(x), and also L+(k+l) ~ ,Bnb(a@k_‘_l)(z)

21



22 CHAPTER 8. PROCESSES

8.2. Poisson process with parameter A

A Poisson process with parameter A is a sequential observation of independent occurences of T. The process is ruled by
the rate parameter A, indicating the expected number of successes per (time) unit.

=
£
)
A

L L L L L L L w‘ L L L L L L L L L L L L L L L L L L
5 10 T, 15 20 0 25 30

8.2.1 Relevant distributions: Gamma (7.6), Poisson (6.1.3), F (7.7.1), Gamma-gamma (7.7.3), Negative binomial (6.1.4)

8.2.2 Elementary calculations

E[\] || Successes during 6 units E[Nyg| || Waiting units until k& successes | E[T]
Known A A N.g ~poisyg(z) (6.1.3) Y Tyr ~ Y () (7.6) &
Unknown A N b 6.1.5 0 k
s I3 o ~1 T x L. K0 ~ KT _
A\ ~ Viror) (t) T + (mm)( ) ( ) T T—‘rk &Y (k,w,7) (:E) (773) r—1

8.2.3 Addition rules

e For known A, we have the following addition rules when X, Y are independent:

— I X~y (@) and Y ~ 5z (2), then X +Y = Z ~ 0 ()

— If X ~poisy.g,(z) and Y ~poisy.g,(x), then X +Y = Z ~poisy.(, +6,)(x)

— General: If X ~poisy, (z) and Y ~poisy,(z), then X +Y = Z ~poisy, 41, (2)
e For unknown A ~ (. )y we have the weaker addition rules:

= Tk ~8Y(kw,r) () and Ty ~gY(1 7y (), and also Ty (k1) ~8Y(kt1,k,7) (T)

— Nyg, ~nb r y(x) and N4p, ~nb r _\(2), and also N (g, 14,) ~nb T (2)
(K’T-‘r@l) (K’T-‘r@z) (K’T+91+92)



8.3. GAUSSIAN PROCESS WITH PARAMETERS pn AND o 23

8.3. Gaussian process with parameters y and o

A Gaussian process with parameters p and o is a sequence of independent stochastic variables X7, Xo, ... where each
Xj~ Puo)-
° [}
X2
+01 ° ° .X9

S

¥ ¥ Y

Figure 8.1: X, Xo,... where each X; ~ ¢, »); it and o as marked on the diagram.

oy

Figure 8.2: A cumulative process Y7, Ys,... where Y, = X3 + Xo+--- 4+ Xy, and p =0

Relevant distributions: normal ¢ (7.1), t distribution (7.4), gamma ~ (7.6), F distribution (7.7.1)

8.3.1 Rules

e When X; ~ ¢, 4), and Y = X7 + Xo + -+ + X, then Y ~ ¢(k-u,\/E-a)

e When X; ~ ¢(,,,), and you have Y}, =max{X;, Xo,..., Xy} and Z =min{X1, Xo,..., Xp}, let p, = ®(u, o) (2).
Then P(Yk < x) = plg, and P(Zk < 1-) =1 (1 _pm)k

e Given {X1,X>,..., X}, where X; ~ ¢(,.0), let pp = ®(,, o) (2). The probability that precisely k of the X are less
than x, is given by bin, , y(k), and the probability that k or fewer of the Xare less than x is given by BIN(, ,, (k).



9 Multivariate statistics

DATA: Formulas for data pairs {(z1,¥1),.-.,(Tn,¥n)}
See (2.2).

9.1. PROBABILITY: Multivariate probability distributions
Z fXY(xay)

e<a, y<b

/_aoo /_boo fxy(x,y)dy dx

Z Ixv(z,y)

z<a, all y

/_; /_O:O fxy(x,y)dy dx

ny(a,b)—ny(a—1,b)—ny(a,b—1)+ny(a—1,b—1)

9.1.1 Cumulative distribution: Fxy(a,b) = P(X <a,Y <b) =

9.1.2 Cumulative marginal distribution: Fx(a) = Fxy(a,00) =

9.1.3 Distribution: fxy(a,b) = { ,
(f;;WFXY(xa y)

> fxv(a,y) = Fx(a) = Fx(a—1)
9.1.4 Marginal probability distribution: fx(a) = ally

(%FX(@) = 7 Ixv(a,y)dy

9.1.5 Probability: P(a <X<ebgY< d) = ny(C, d) - ny(a,, d) - ny(C, b) + ny(a,b)

Z ZY * Pxy (discrete)
all z,y

9.1.6 E[XY]=
/ / xy - f(x,y)dydx  (continuous)

9.1.7 Covariance: oxy = E[XY] — puxpy

9.1.8 Correlation: pxy = U”XX;’Y
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10 Inference (General Bayesian)

10.1. Bayes’ theorem with discrete prior

10.1.1 Probability that the (next) observation is B: Given (posterior) probability function P,, we get P,(B), the
probability that the (next) observation is B, from the following table:

(1) (2) (3)

k| Po(Ar) | Pu(B|Ag) | Pu(AxB) = Po(Ak) - Po(B|Ag)

(4 - answer)

Po(B) = P.(A;B)

10.1.2 Bayes’ theorem, basic version: If we partition Q into disjoint (mutually exclusive) alternatives Aj, Ao, ..., and
observe 3, the the probabilities of the Ay are updated as follows:

_ P(Ap)xP(B|Ag)
FE = >, P(Aj) x P(B|A;j)

10.1.3 Bayes’ theorem, tabular notation:
Alt. | Prior Likelihood | Joint probabillity Posterior

(1) (2) (3) (5 - answer)

Ak P”’<‘4'L"’> P” (B“h‘) P’IV(‘A/‘TB) - PH,(‘AA'T) ' PH,(B 44/'.‘) P’n,-‘rl(Ak‘B) - PII,(Ak:|B) = P)YIL’ELA(hB?>

(4)

Total probability: | P,(B) = > P,(A;B)

Jj=1

10.2. Bayes’ theorem, function version

10.2.1 Bayes’ theorem for probability distributions f,:

Prior Likelihood Joint probabillity Posterior
€) ©) @) (5 - answer)
z | f@)= o) | gk) = haly) | fz)- () Fata(z) = L@
@
S = Z f(x)-g(x) (discrete prior)
Total probability: | ) -
S = / f(z) - g(x)dx | (continuous prior)

where h,(y) is the conditional probability (density) for the observation y, given thatat X = z.

10.3. Repeat update

10.3.1 Upon a new observation B, . (set theory version) or v, (function version):
Repeat the procedure, and use the previous posterior f, / P, as the new prior to find a new posterior f,.1 / Pni1.
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11 General estimates

The starting point of the section is a probability distribution g(x), and a stochastic variable © (typically a parameter or a
predictive variable) with © ~ g(x), cumulative distribution G() and inverse cumulative distribution G~1(p).

11.1. Point estimates for © ~ g(z)
11.1.1 Median: © = G~1(0.5)

11.1.2 Expected value: E[f] = pe = [,,t- g(t)dt where D are the possible values for ©.
11.1.3 Mode: Oprap = Opnay is the t value that maximizes g(t).

11.2. Interval estimates

We typically write I© for the interval estimate (“credible interval”) when © is a parameter, but I for the interval estimate
("predictive interval”) when © is a next observation. Below, we write them both as €.

11.2.1 1-sided left (1 — «)100% interval estimate I, ;, given a probability
distribution g(z):
I2, = (G71(0),G7 1 (1 —a))

a,l T

11.2.2 1-sided right (1 — «)100% interval estimate I, ,, given a probability
distribution g(z):

11.2.3 2-sided (1 —2a)100% interval estimate I,,, given a probability distribu-
tion g(z):

I9 = (G (), G (1 - )

11.2.4 HPD interval HP of width I, given a probability distribution g(z):

HP is the interval (a,a + 1)

where a is the value maximizing H(a) = G(a + 1) — G(a). At this value,
gla+1) = g(a).
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12 Comparison and hypothesis testing

12.1. Comparison

12.1.1 Utility function: u4(6) is the utility of an alternative H4, given a value of 6.

oo
12.1.2 The expected utility of an alternative H 4, given that © ~ g(0), is Uy = E[ua(©)] = / ua(0) - g(0)do

— 00

Special cases:

1. Linear utility: u4(0) = a + b0 gives Uy = a + b - E[O]

a 0 <46y

2. Two-value utility: up(0) = { b 0> 0
o

given that Ug = a- P(© < 6y) +b- P(© > 6y)
12.1.3 Utility maximizing choice: Given © ~ g(6), and two alternatives H4 and Hp with utility functions u4(0) and
up (@), the utility maximizing choice is the alternative with the largest expected utility.

12.1.4 Two-value utility maximizing choice: Given © ~ ¢(), a critical value 6y, and two alternatives H 4 and Hp where
u(0) = ua(0) — up(f) is a two-value utility function,

. w A 0 < 6y
u(®) = { —wp 0> 06
with w4, wp > 0. Then the alternatives correspond to H4: © < 6y, and Hg: © > 0y. The utility maximizing choice is

then A if wy-P(A) > wg- P(B) }{ P(A) = P(© < 6))
B if wa-P(A) <wp- P(B) P(B) = P(© > )

12.2. Bayesian hypothesis test

12.2.1 Hypothesis test with significance « tests the null hypothesis / conservative hypothesis Hy against the alternative
/ daring hypothesis H;. The significance is set in advance, independently of the data (see 12.2.2 below for a suggestion
how to determine «).

e If Hy: © <6y, then Hi: © > 0.
o If Hy: © > 90, then Hqi: © < 6.

Decisions are then made in this fashion:

e If P(Hp) > «, the utility maximizing choice is Hy. (formally, we say we ”don’t reject Hy”)

e If P(Hy) < «, the utility maximizing choice is H;. (formally, we say we "reject Hy”)

Hypothesis test is primarily a frequentist way of formulating utility maximizing choices, so we translate utility maximizing
choices into hypothesis testing in the Bayesian context as follows:

12.2.2 Reformulating utility maximizing choice as hypothesis test: Given the alternatives H4 and Hp in 12.1.4, call the
alternative with maximal w value the Null hypothesis Hy, and let the test significance be a = wo“fwl, where wq is the
largest of w4 and wp, and w; is the smallest. The alternative hypothesis Hy is the alternative with the smallest w value.
The case © = 6 is included in Hy. Significance « and hypotheses Hy and H; are often given directly without explicit

reference to maximizing choice utility.
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13 Bayesian inference for Bernoulli processes

13.1. Bayes’ theorem for Bernoulli processes ("The Bernoulli version”)

13.1.1 Inference for hyperparameters for the Bernoulli parameter p

Prior hyperparameters: Observations: Posterior hyperparameters
Py = ag k = number of T PiEa=ay+k
bo [ = number of L by =by+1

Posterior values:

1. p~ Ba,,b,) - posterior probability distribution for p.
2. Kym ~ Bba, b, ,m) -number of T during the next m observations.

3. Lys~ Bnb, b, ,s) - number of new L before s new T.

ay
ay1+by”

which also gives us p; = E[p| =

A special case is if we started out with Novick & Hall’s prior, and our posterior hyperparameters are that either a; or by
are equal to 0. Then p has a discrete probability distribution whether either P(T) =0 or (T) = 1, with the opposite
probability assigned to L.

13.2. Prior hyperparameters for Bernoulli processes

13.2.1 Neutral prior hyperparameters are when ag = by = u € [0, 1], and either
1. uw = 0: "Total ignorance” (Novick & Hall, Haldane, Jaynes). (If you don’t even know whether both T and L are
possible.)
2. u = 0.5: "Ordinary ignorance” (Jeffreys). (You know that both T and L are possible, but nothing more.)
3. w = 1: "Informed ignorance” (Laplace, Bayes). (If your starting point is a symmetry between T and L.)

If, in a concrete case, you are unable to choose between two or three of these possibilities: choose the smallest v under
consideration!

13.2.2 Informative prior hyperparameters are one of these:

1. Prior hyperparameters = Posterior hyperparameters from the previous update.

2. Let pg be your estimate of p, and let k¢ be the number of observations required to have your degree of certainty.
Your hyperparameters are then ag = kopo and by = k(1 — pg). Note: Informative priors require ag, by > 1.

13.3. Comparison and hypothesis test

For comparison of p against a fixed reference value pg, see the general formulas for comparison and hypothesis testing in
chapter 12.
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13.4. ESTIMATES 29

13.3.1 Comparison: Given two independent stochastic variables with posterior distributions ¢ ~ B, ) and m ~ By, ,),
then (see 1.3.10 for the function B) we have

Exact:
Py <m) = 9221 a+k,b+p) gz:l (“E0Y - (%EP) - abp(a + b+ k + p)
i (Pt ’f Blk+1,p)- B = () (@t D)k )+ R)O )
Approximation (using normal approximation); good when a,b,6, p > 10)
P(z/) = W) ~ (I)(#b_%’ (a+b>2rfz+b+1>+(9+p>29(2+p+1))(O)

13.4. Estimates

See chapter 11 for the general formulas for point and interval estimates (11.1, 11.2), and use formulas from the relevant
chapters for the posterior or predictive distributions.

13.4.1 HPD interval of width [ for p ~ B(,1)
— (b, k+ 1)
where k is the real-valued solution of (k +1)*"}(1 -k —1)*"1 — k" 1(1 - k)"t =0
13.4.2 Sample size n for HPD interval H for p ~ B, ) with a,b > 1 such that
P(p € H) > 1 — 2a, and the width of I} is less than or equal to [, is

2
=2 —a-b



14 Bayesian inference for Poisson processes

14.1. Bayes’ theorem for Poisson-processes ("The Poisson version”)

14.1.1 Inference for hyperparameters for the Poisson rate parameter \.

Prior hyperparameters: Observations: Posterior hyperparameters
Py E ko n = number of occurences Pk =kKo+n
7o t = number of (time) units T1=T70+1

(time, or number of tries)

Posterior values:

L. A~ 9, ,m)(l) - posterior probability distribution for .

2. Nyg ~mnb,, 19)(77) - occurences in the next 6 (time) units.
7,1

3. Thk ~ 9V(k,ry,m)(t) - waiting time for the next k occurences.

14.2. Prior hyperparameters

14.2.1 Neutral prior hyperparameters are ko = 79 = 0.

14.2.2 Informative prior hyperparameters are either of the following:

1. Prior hyperparameters = Posterior hyperparameters from a previous update.

2. Let A\g be your estimate of A, and let k¢ be the number of occurences required to have your degree of certainty.
Alternatively, instead of ko, let 79 be the number of (time) units required to have your degree of certainty. The two

values are connected via the formula \g = Z2.

o
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14.3. COMPARISON AND HYPOTHESIS TEST 31

14.3. Comparison and hypothesis test

For comparison of A\ against a fixed reference value \g, see the general formulas for comparison and hypothesis testing in
chapter 12.

14.3.1 Comparison: Given two independent stochastic variables with posterior distributions

A~ Y (t)

then l
m
P(A < B) = Fiak,2m) (lm)

14.4. Estimates

for A\ with posterior hyperparameters x and 7, and probability distribution A ~ 7, -

See chapter 11 for the general formulas for point and interval estimates (11.1, 11.2), and use formulas from the relevant
chapters for the posterior or predictive distributions.

14.4.1 HPD interval of width b for A:

Hlf\ - (a7a+b)
where
b
a=—=
er-1 —1

14.4.2 Sample size n for HPD interval H,;\ for A with prior hyperparameter kg, such that the relative interval width,
r= ﬁ, is less than a fixed value R:

n> —< — Ko



15 Bayesian inference for gaussian processes

15.1. Bayes’ theorem for Gaussian processes ("Gaussian version”)

for estimating the Gaussian parameters p and 7 =

15.1.1 Inference for hyperparameters given n measurements x1, . .

e sum %, = 3, x; and mean T = Z=

1
02"

e sum of squared deviances from average SS, = > _,(z) — T)?

e sum of squared deviances from mean SB, =) ,_, (z

Prior hyperparameters: next page.

., &, with (see section 2.2)

—mg)? =85, +n- (T —mg)?

o = s¢ (known) o unknown
No update of hyperparameters. Posterior hyperparameters:
v, = Vv+n §2 — 851
. S5 = 550+ 5B, 1 2!
g
£ | Posterior values: Posterior values:
g
= T = 1/s3 ~ Y @)
(=) 20 2
g Boo= mo = My
i Xy o~ ¢(mo,so)(x) Xy o~ t(mo,sl ) Vl)(x)
Posterior hyperparameters: Posterior hyperparameters:
K1 = Ko +n } my = 1
K1 = FkKo+n e T X1 = Yo+, w1
21 = 20 + Ez ! r1 VT = V+n
C: = Co+32, 5% = Sj1
o SSl = Cl — KR1 m%
2 Sy =SS+ S8, +n- 2 (x—mg)>  (shortcut)
R
£ | Posterior values: Posterior values:
3
o= s N CR S0
~ X ~
¢(m1750 /711)( ) " t(ml,sl' ﬁ m)(z)
X+ ~ ¢(m1 » 50 1+ﬁ) (l‘) X+ ~ (m1 , 81 1+ﬁ , IJ1> (LII)
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15.2. PRIOR HYPERPARAMETERS FOR GAUSSIAN PROCESSES 33

15.2. Prior hyperparameters for Gaussian processes

15.2.1 We have 3% possibilities for pu:

1. p is fully known: p = mg

2. p partially known (informative prior): Let mg be your estimate of u, and let kg be the number of observations
required to have your degree of certainty. Let ¥y = moko.

2
.t partially known (informative prior), with prior 1 ~ ¢(m, . s,,.), and o = sg is known. Then, xo = 527", and
re

N[—=

20 = Mpreko-

3. p is fully unknown (neutral prior): ko = 0 and ¥y = 0.

15.2.2 We have 3 possibilities for 7 = #:

— 1 g . — _ 1
1. 7= 2 is fully known: T=T0= 2

2. 7 partially known (informative prior): Let so be your estimate of o, and let ng be the number of observations
required to have your degree of certainty. Let 19 = ng — 1 and SSy = s3 - max(0, vp), and let Cy = SSy + kg - mo

3. 7= 0—12 is fully unknown (neutral prior): Let g = —1 and SSp = 0, and let Cy = SSy + Ko - m3

15.3. Comparison of a parameter against a fixed value

For comparison of y and 7 = % against a fixed reference value mg and ¢ = $7 see the general formulas for hypothesis
<0

testing and comparisons in chapter 12.

1

1 1.
52 .

15.3.1 Comparing 7 = with posterior distribution 7 ~ 7 ;) (t) against the fixed value 7o = =
0

P(o > 00) = P(1 < 10) = T'(1y(70)
15.3.2 (Known o) Comparing pwith posterior distribution p ~ ¢, 5)(7) against the fixed value po:
P(p < po) = ®(m,s) (o)
15.3.3 (Unknown o) Comparing pwith posterior distribution p ~ ¢, s n)(2) against the fixed value po:

P(:u’ < /1’0) = T(m,s,n) (/1'0)

15.4. Comparing two parameters

15.4.1 Comparison Given two independent stochastic variables with posterior distributions 71 ~ vy y(t) and 75 ~

Y(m,n) (t)v
ml

P(O’l > 02) = P(’T‘l < ’/"2) = F(2k72m) (kn>

15.4.2 Comparison of two independent y,, when o is known, with posterior distributions p11 ~ @, s,)(x) and pz ~
B(ma,s5)(2): Use formula (7.3) to find the distribution ¢(,, s (x) for Z = p1 — pz. Then,

P(/~L1 < /~L2) = Cb(m,s)<0)

15.4.3 Comparison of two independent j,, when ¢ is unknown, with posterior distributions gy ~ t(m, s .,)(z) and
H2 ~ timy,sq,0)(7): Use formula (7.5) to find the distribution (,, s ,)(z) for Z = py — po. Then,

P(/L1 < NQ) = T(m,s,l/) (0)
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15.5. Estimates for p

See chapter 11 for the general formulas for point and interval estimates (11.1, 11.2), and use formulas from the relevant
sections for the posterior or predictive distributions.

15.5.1 Sample size n, such that the width of the (1 — 2a))100% symmetrical credible interval is less than [, given known
o = sg and prior hyperparameter rkg:
422 9
n=p S0~ Ko
15.5.2 Sample size n, such that the width of the (1 — 2a)100% symmetrical credible interval is less than I, with unknown
o, and prior hyperparameters kg, 1y and By:

2
Wovpo By
n l2 o Ko

15.6. Point estimates for 7 = %,

See chapter 11 for the general formulas for point and interval estimates (11.1, 11.2), and use formulas from the relevant
sections for the posterior or predictive distributions.

15.6.1 HPD interval of width [ for 7 ~ 7y x)

H] =(a,a+1)
where }
==

er-1 —1

15.6.2 Sample size n for HPD interval H] with prior hyperparameter v, such that the relative interval width, r = ﬁ,

is less than a fixed value R.



16 Frequentist inference

16.1. Gaussian process: Symmetric (1 — 2a) - 100% confidence intervals
for gaussian processes from a normal distribution ¢, 5 from n observations with observables n, 3, and SS,, and derived

values v =n— 1,7 =%, /n and s2 = SS,/(n — 1).

16.1.1 For p, with known o = o: fga =T tz4 00" \/%

16.1.2 For y, with unknown o fga =T+t oS- \/%

16.1.3 For 7 = ?12: Aga =|T

[T
‘Uz
NIy
=
N—

16.2. Gaussian process: Symmetric (1 — 2«a) - 100% predictive intervals
for gaussian processes from a normal distribution ¢, ,) with n observations with observables n, ¥, og SS,, and derived

values v =n— 1,7 =%, /n and s2 = S, /(n — 1).

~ 1
16.2.1 For z,1, with known o = oy: Lja =T+tz4-00-1/1+—
n

]

16.2.2 For z, 41, with unknown o: fé‘a =ZTxl, 0 Sz \/1+—
n

16.3. Bernoulli process: Symmetric (1 — 2a) - 100% confidence intervals

for a Bernoulli process with n tries and k positives, and derived value 7 = k/n.

A1 —7)

16.3.1 For the parameter 7, an approximate interval: fga =T+ 24
n

16.4. Hypothesis testing

with significance « is decided in a frequentist way like this: If the test is one-sided, and we have a p value calculated from
one of the formulas below, our verdict is:
o If p < a, we reject Hy with significance «

o If p > «, don’t reject Hy with significance a

If the test is two-sided, we reject Hy with significance a iff we reject Hy in one of the one-sided tests with significance 5.

16.5. Gaussian: Hypothesis test of p

relative to a reference value po, with significance a, for a Gaussian process from a normal distribution ¢, ») with n
measurements with calculated values v =n — 1,  and s,. The Null hypothesis Hy: pu = po. For a right-sided test, the
alternative hypothesis is Hq: p > pg, whereas for a left-sided test, Hyi: p < pg-.
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T — pig
UU/\/ﬁ'

For a left-sided test, let p = ®(w), and for a right-sided test, let p = ®(—w). Use 16.4 for the verdict.

16.5.1 Method if 0 = o¢ is known: Let w =

T — o

For a left-sided test, let p = T, (w), and for a right-sided test, let p = T,,(—w). Use 16.4 for the verdict.

16.5.2 Method if ¢ is unknown: Let w =

16.6. Gaussian process: Hypothesis test of o

relative to a reference value oo, with significance «a, for a gaussian process from a normal distribution ¢, ;) with n
measurement with observables n, ¥, and SS,, og derived value v = n — 1. The Null hypothesis Hy: 0 = gg. For a
right-sided test, the alternative hypothesis is that H;: ¢ > o0y, whereas for a left-sided test, Hi: o < 0y.

16.6.1 Exact calculation: Let 79 = %, and let
0

I‘(E s52) (10) (left-sided test)
p =
1- 1"<% 552 (t0) (right-sided test)

Use 16.4 for the verdict.

16.7. Bernoulli process: Hypothesis test of parameter ©

relative to a reference value 7y, with significance «, for a Bernoulli process with n measurements with & positives, and
derived value # = k/n. The Null hypothesis is Hy: m = my. For a right-sided test, the alternative hypothesis is Hj:
T > o, whereas for a left-sided test, Hi: m < mg.

16.7.1 Method: Use the following value for p:

SOk (Mg (1 —mo)"™™  (left-sided test)

m=0 \m
p =
S e (Mgt (1 —mo)"™™  (right-sided test)

Use 16.4 for the verdict.

16.7.2 Quick, approximate method: Let w = T _( 0 ;
™0 177‘!‘0

For a left-sided test, let p = ®(w), and for a right-sided test, let p = ®(—w). Use 16.4 for the verdict.



17 Inference for the regression line
17.1. Matrix regression

17.1.1 Design matrix and response vector:
The starting point is the measurements (data) {(z;,y;)}7,, where z; is the control variable. The design matriz X and

response vector i are defined by:
I xy Yn
17.1.2 The regression line: y = o + Sx where the coefficients are given by

B

17.1.3 Centered form: Centered form for x data is x}, = x; —Z. In the design matrix we then exchange zj, for x}, =z -7,

EZ [ « } _ (XTX)*l_XTg»

and the result is B; = [ aé } , with regression line y = a., + fz* = a, + f(z — T)

17.1.4 The matrix X7 X has contains the following useful information:

n 0
0 SS,

n o X
Y X,

x

and in centered form, X7 X =

General: XTX = l

17.1.5 Total error for the regression line: SS, = 4 — B_T S(XTX)- 5

17.2. Bayes’ theorem for linear regression
with n pairs {(2;,y:) }iy:
17.2.1 Informative prior hyperparameters for o: Let oy be your best estimate for o, and ng be the equivalent number of

measurements. Let vy = ng — 2 and S5y = o2 - max(0, vp).

17.2.2 Neutral prior hyperparameters for o: vy = —2 and 5SSy = 0.

P
17.2.3 Updating: P, Fz2 = —
n

B= [ 3 ] = (X"x)"' X"y
Vi =19+n
S5 =550+ SS.
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38 CHAPTER 17. INFERENCE FOR THE REGRESSION LINE
17.2.4 Posterior values:

T~ Tegep

. 5SS
81 -
541

b ~ t(ﬁp‘?l'\/%’l/l)
y(x) ~ Hautpo-2) 51\ [TH @0 1)
Ve@) o~ -2 o0 T ST o oo

Note that a is just y(0), and therefore has the same distribution, whereas a, follows y(z).

17.2.5 100(1 — 20)% (bayesian) credible and predictive intervals:

1 1
129(x):a+6$it111,9'81'\/n—i_SSI(x_x)Q
Iy(x) =a+ Bz tt, 9~31~\/1+1+ : (x — )2
260 1, n SSz

17.3. Frequentist linear regression

SSe
n—2

employs the same basic formulas as bayesian linear regression, but for the interval estimates, use s, = instead of

s1, and n — 2 instead of vy.

17.3.1 100(1 — 20)% (frequentist) confidence and predictive intervals:

~ 1
Igg(x):a+5xitn2,9~se-\/n+ssx(:c—x)2

~ 1 _
I;re(x):a—l—ﬂxitn2,g~se-\/1+n+ssz(x—x)2



18 Tables

18.1. z, = '

(0,1)

(p) Percentiles for Normal distribution

-0.842

0997975 0.95

0.9
0.8
0.5
0.2 i
0.1 ;
0.01_0.025_0:05 | | |
-2 -1 1 2

2828 9 8 Y 938

m 99 N @ S N N 9 9 ™

N T T T < o © = - = o
p Zp p Zp p Zp
0.00000 —00 0.07 —1.476 0.94 1.555
0.0001 —3.719 0.08 —1.405 0.95 1.645
0.00025 —3.481 0.09 —1.341 0.955 1.695
0.0005 —3.290 0.10 —1.282 0.96 1.751
0.001 —3.090 0.15 —1.036 0.965 1.812
0.0025 —2.807 0.20 —0.842 0.97 1.881
0.005 —2.576 0.30 —0.524 0.975 1.960
0.01 —2.326 0.40 —0.253 0.98 2.054
0.015 —2.170 0.50 0 0.985 2.170
0.02 —2.054 0.60 0.253 0.99 2.326
0.025 —1.960 0.70 0.524 0.995 2.576
0.03 —1.881 0.80 0.842 0.9975 2.807
0.035 —1.812 0.85 1.036 0.999 3.090
0.04 —1.751 0.90 1.282 0.9995 3.290
0.045 —1.695 0.91 1.341 0.99975 3.481
0.05 —1.645 0.92 1.405 0.9999 3.719
0.06 —1.555 0.93 1.476 1.00000 o)

Values for the right tail have the opposite sign, since z is anti symmetrical around p = 0.5:

Zl—p = —Zp
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18.2. Percentiles for Student’s ¢ with v degrees of freedom

Values for *T(B,lLu) (p) = —tup = ty,1—p. For v > 30, use the normal approximation (v = 00).
y b 0.1 0.075  0.05 0.025  0.01 0.005  0.0025 0.001  0.0005 0.00025 0.0001
1 3.0777 41653 6.3138 12.706 31.821 63.657 127.32 318.31 636.62 1273.2  3183.1
2 1.8856 2.2819 2.9200 4.3027 6.9646 9.9248 14.089 22.327 31.599 44.705  70.700
3 1.6377 1.9243 2.3534 3.1824 4.5407 5.8409 7.4533 10.215 12,924 16.326  22.204
4 1.5332  1.7782 2.1318 2.7764 3.7469 4.6041 5.5976 7.1732 8.6103 10.306  13.034
5 1.4759 1.6994 2.0150 2.5706 3.3649 4.0321 4.7733 5.8934 6.8688 7.9757  9.6776
6 1.4398 1.6502 1.9432 2.4469 3.1427 3.7074 4.3168 5.2076 5.9588 6.7883  8.0248
7 1.4149 1.6166 1.8946 2.3646 2.9980 3.4995 4.0293 4.7853 5.4079 6.0818  7.0634
8 1.3968 1.5922 1.8595 2.3060 2.8965 3.3554 3.8325 4.5008 5.0413 5.6174  6.4420
9 1.3830 1.5737 1.8331 2.2622 2.8214 3.2498 3.6897 4.2968 4.7809 5.2907 6.0101
10 1.3722  1.5592 1.8125 2.2281 2.7638 3.1693 3.5814 4.1437 4.5869 5.0490  5.6938
11 1.3634 1.5476 1.7959 2.2010 2.7181 3.1058 3.4966 4.0247 4.4370 4.8633  5.4528
12 1.3562 1.5380 1.7823 2.1788 2.6810 3.0545 3.4284 3.9296 4.3178 4.7165  5.2633
13 1.3502  1.5299 1.7709 2.1604 2.6503 3.0123 3.3725 3.8520 4.2208 4.5975  5.1106
14 1.3450 1.5231 1.7613 2.1448 2.6245 2.9768 3.3257 3.7874 4.1405 4.4992  4.9850
15 1.3406 1.5172 1.7531 2.1314 2.6025 2.9467 3.2860 3.7328 4.0728 4.4166  4.8800
16 1.3368 1.5121 1.7459 2.1199 2.5835 2.9208 3.2520 3.6862 4.0150 4.3463  4.7909
17 1.3334 1.5077 1.7396 2.1098 2.5669 2.8982 3.2224 3.6458 3.9651 4.2858  4.7144
18 1.3304 1.5037 1.7341 2.1009 2.5524 2.8784 3.1966 3.6105 3.9216 4.2332  4.6480
19 1.3277 1.5002 1.7291 2.0930 2.5395 2.8609 3.1737 3.5794 3.8834 4.1869  4.5899
20 1.3253  1.4970 1.7247 2.0860 2.5280 2.8453 3.1534 3.5518 3.8495 4.1460  4.5385
21 1.3232  1.4942 1.7207 2.0796 2.5176 2.8314 3.1352 3.5272 3.8193 4.1096  4.4929
22 13212 1.4916 1.7171 2.0739 2.5083 2.8188 3.1188 3.5050 3.7921 4.0769  4.4520
23 1.3195 1.4893 1.7139 2.0687 2.4999 2.8073 3.1040 3.4850 3.7676 4.0474  4.4152
24 1.3178 1.4871 1.7109 2.0639 2.4922 2.7969 3.0905 3.4668 3.7454 4.0207  4.3819
25 1.3163 1.4852 1.7081 2.0595 2.4851 2.7874 3.0782 3.4502 3.7251 3.9964  4.3517
26 1.3150 1.4834 1.7056 2.0555 2.4786 2.7787 3.0669 3.4350 3.7066 3.9742  4.3240
27 1.3137 1.4817 1.7033 2.0518 24727 2.7707 3.0565 3.4210 3.6896 3.9538  4.2987
28 1.3125 1.4801 1.7011 2.0484 2.4671 2.7633 3.0469 3.4082 3.6739 3.9351 4.2754
29 1.3114 1.4787 1.6991 2.0452 24620 2.7564 3.0380 3.3962 3.6594 3.9177  4.2539
30 1.3104 1.4774 1.6973 2.0423 2.4573 2.7500 3.0298 3.3852 3.6460 3.9016  4.2340
%) 1.2816 1.4395 1.6449 1.9600 2.3263 2.5758 2.8070 3.0902 3.2905 3.4808  3.7190
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18.3. PERCENTILES FOR THE x? DISTRIBUTION WITH v DEGREES OF FREEDOM (LEFT TAIL)

18.3. Percentiles for the y? distribution with v degrees of freedom (left tail)

»- Notice that due to the

for the left tail. You find the value for p for the right tail as the value of x?_

2
. p 2 .
unsymmetrical nature of x*, we can’t make use of any symmetries.

The table shows x

(right tail)

2
0.9

X

(right tail)

2
0.1

) .
Xo_g(left tail)

, .
XOJ(Ieft tail)
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18.4. The I' function
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